We will study the torsion of p-ramified Iwasawa modules of the Z 2 p -extension over imaginary quadratic fields k. In this article, we prove that the torsion is trivial except for one case under the assumption that the prime p does not divide the class number of k. We also study generalized Greenberg's conjecture for the prime 2 and imaginary quadratic fields.
Then X k (d) is a finitely generated Λ k (d) /k -module and the rank of X k (d) over Λ k (d) /k is r 2 (k). Furthermore, X k (d)
Xk is the submodule of Xk which consists of all Λk /k -torsion elements. This observation seems interesting in algebraic number theory, so we would like to raise here the following question:
Question. When k is not totally real (i.e., r 2 (k) = 0), is the torsion submodule Tor Λk /k

Xk of Xk always trivial?
If k is a totally real abelian field, thenk is the cyclotomic Z p -extension by the validity of Leopoldt's conjecture for abelian fields (see [1] ), and it is well known in Iwasawa theory that Tor Λk /k Xk can be non-trivial. Hence the difficulty of the above question lies in the condition r 2 (k) = 0. In this article, by using the theory of Z p -extensions, we will give a partial result to the above question for imaginary quadratic fields as follows:
Theorem 1. Let p be a prime number and k = Q( √ −m) an imaginary quadratic field with a positive squarefree integer m. Suppose that the prime number p does not divide the class number h k of k.
(1) If p = 3, then Tor Λk /k Xk = 0. (2) If p = 3 and m ≡ 3 mod 9, then Tor Λk /k Xk = 0.
On the proof of this result, the difficulty lies in the cases where p = 2. In this article we mainly deal with the case where p = 2.
For the module Yk, it is conjectured that Yk is always a pseudo-null Λk /k -module for any prime number p and any finite extension k/Q (see [8] ). This conjecture is called Generalized Greenberg's Conjecture (for short we say GGC). As same as usual Greenberg's conjecture (see [6] ), no counterexample for GGC is known yet. In addition there are only a few results concerning GGC when k is not totally real. Minardi showed that if k is an imaginary quadratic field and p h k , then GGC holds for p and k (see [16] ). By the way, there is a connection between our question and GGC. If the base field k contains all 2p-th roots of unity, then the torsion freeness of Xk is equivalent to GGC, that is a result in [15] . As an application to Proposition 2 (which is the key step in the proof of Theorem 1), we also get: 
we find that X k (1) is a cyclic Λ k (1) /k -module by Nakayama's lemma, and hence X k (1) 
be a topological generator of Gal(k/k (1) ). Then there is an exact sequence of Λ k (1) /k -modules:
. This shows that Xk is a cyclic Λk /k -module by Nakayama's lemma. We conclude that Xk Λk /k . 2
Remark.
(1) One can characterize all imaginary quadratic fields k such that X k (1) Λ k (1) /k in terms of ideal class groups, but we omit this here. The freeness of X k (1) over Λ k (1) /k is equivalent to that k is p-rational in the sense of [15] .
(2) By Dirichlet's theorem, there exist infinitely many prime numbers m with m ≡ 3 mod 8. It
follows from the result in [10] that there exist infinitely many positive square-free integers m such that m ≡ 3 mod 9 and that 3 h k . For an odd prime number p which is greater than 3, by the result in [9] , there exist infinitely many positive square-free integers m with p h k . Hence, for any prime numbers p, there exist infinitely many imaginary quadratic fields k such that Xk Λk /k .
Genus theory says that if 2 h k then m is a prime number with m ≡ 3 mod 4. By Proposition 1, we have proved Theorem 1 except for one case that p = 2 and m is a prime number with m ≡ 7 mod 8.
The rest of this section, we shall discuss on this exceptional case.
In what follows, we deal with the case where p = 2 and m is a prime number with m ≡ 7 mod 8.
For this case, we find that
since the prime number 2 splits in k.
To finish the proof, we study the torsion submodule Tor
We need the following lemma:
This is a well-known fact, for example, which is stated in [7] . We prefer to prove briefly this lemma here. To show Lemma 1, we use Theorem A and a lemma of commutative algebras of below without proving. Let {g 1 , g 2 } be a system of topological generators of Gal(k/k) Z 2 p . Note that Λk /k is isomorphic to Z p JT 1 , T 2 K, the formal power series ring of two variables with coefficients in Z p , by 
Lemma 2. For each positive integer d, let
By Theorem A, one sees that rank Λk /k
Xk.
This implies that Tor
whence we obtain an injective morphism
so that Lemma 1 is proven.
Therefore, if we show Tor Λ k∞ /k X k ∞ = 0, then Tor Λk /k Xk = 0 by Nakayama's lemma. For the cyclotomic Z 2 -extension F ∞ /F of a number field F , denote by F n the n-th layer of
n . In this article, we do not use the n-th layer Q n of the cyclotomic Z p -extension Q ∞ of Q. Hence, for a prime number p, we shall regard Q p the p-adic number field (e.g., Q 2 is the 2-adic number field). However, of course, Q ∞ denotes the cyclotomic Z pextension of Q. [19] .
Proof. Let μ 2 ∞ be the group of all 2-power-th roots of unity and γ a topological generator of 
and is an isomorphism Theorem 15 of [14] ). Let χ be the Dirichlet character of k and ω the Teichmüller character of modulo 4. We want to decompose the above modules by characters. We need the following lemma.
Lemma 3. (See Theorem 11.3.8 of [17].) The Iwasawa μ-invariant of Tor
From the theorem of Ferrero and Washington (see [3] ) and the exact sequence (1), the Iwasawa μ-invariant of Tor Λ K∞ /K X K ∞ is 0. Hence the Iwasawa μ-invariant of Tor Λ k∞ /k X k ∞ is also 0. By Theorem A, X k ∞ has no non-trivial pseudo-null submodule. In this case, a Λ k ∞ /k -module is pseudo-null if and only if is finite. By Lemma 3, Tor Λ k∞ /k X k ∞ is a finitely generated free Z 2 -module. Hence we find that Tor Λ k∞ /k X k ∞ is trivial if and only if (Tor Λ k∞ /k X k ∞ ) ⊗ Z 2 Q 2 is trivial. For a number field F , put V F = X F ⊗ Z 2 Q 2 . Then we have the decomposition
Lemma 4. We have V
, we identify these groups. Since K ∞ /k ∞ is unramified outside all primes lying above 2, there is an exact sequence
/Q ∞ be the maximal abelian pro-2 extension unramified outside all primes lying above 2 and 
(In this proof, we regard abelian Galois groups as modules. So we write additively.) Since the exten-
/k ∞ is unramified outside all primes lying above 2, one sees that 2( q|m, 2 I q ) = 0. By class field theory, the Galois group of an abelian extension which is unramified outside infinite primes has exponent at most 2. Also, from the fact that Q ∞ has no non-trivial 2-extension unramified outside all primes lying above 2, Gal(M 
Lemma 5. Let p be a prime number and let
By the above remark, we sees that (
. Let E be the tensor product of the unit group K ∞ and Q 2 /Z 2 . By the exact sequence in the page 276 of [14] 
Also, since the unit index of a CM-field is 1 or 2, J acts on Hom Z 2 (E, μ 2 ∞ ) as the inverse. Then we have
On the other hand, from the isomorphism (2), we obtain an isomorphism
of Q 2 -vector spaces.
Lemma 6.
Tor Let P n be a prime of K n lying above 2 and a n the odd factor of the class number of K n , i.e. the class number of K n is a n # A K n . If s = 2, then the prime of Q( √ −1) n above 2 splits in K n . This shows that P a n n J τ (P n ) a n is a principal ideal because the class number of Q( √ −1) n is prime to 2. Hence D K n is a cyclic group for n 1.
Suppose that m ≡ 1, 2, 9 mod 16. Then the prime 2 splits in is also principal. This shows that #D K n is bounded.
Suppose that m ≡ 7, 14, 15 mod 16. Then the prime 2 splits in k = Q( √ −m) or Q( √ −2m). As in the above case, one sees that Q( √ −2m) n = k n for each n 1. By [2] , #D k n is not bounded. Because D k n is also a cyclic group, we have #D K n #D k n /2, so that #D K n is not bounded. 2
Next we deal with the module Hom
As mentioned the above, we know that
is also exact. Since J acts on A K ∞ as inverse map, we have
This shows that Remark. For odd prime numbers p and imaginary quadratic fields k = Q( √ −m), one can show a result similar to Proposition 2. Actually, there exist the following isomorphisms of Z p -modules:
Here, we let K is the composite of an imaginary quadratic field k and the p-th cyclotomic field, and ω Xk. Therefore, except for the cases that p = 2 and m ≡ 1, 2, 9 mod 16, and that p = 3 and 3 = m ≡ 3 mod 9,
Greenberg's conjecture implies the triviality of Tor Λk /k Xk.
Proof of Corollary 1
In this section, we shall prove Corollary 1. We need the following. Λk /k -module by Proposition 4.A of [16] .
